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Helmholtz Resonator Impedance Model,
Part 1: Nonlinear Behavior

A. S. Hersh,¤ B. E. Walker,¤ and J. W. Celano†

Hersh Walker Acoustics, Westlake Village, California 91361

A one-dimensional preliminary design impedance prediction model is derived for Helmholtz resonators
constructed with circular ori� ces. The model addresses only the effects of resonator geometry and incident
sound-pressure amplitude. The effects of grazing � ow are not included. An experimental program was conducted
to calibrate unknown empirical parameters derived in the model. The model was shown to predict, reasonably
accurately, impedance data published in the open literature for resonators constructed with single and multiple
ori� ces over a wide range of sound-pressure amplitudes and frequencies. The model provides a rapid means of
calculating resonator impedance as a function of resonator geometry, incident sound-pressure amplitude, and
frequency.

Nomenclature
Ao = ori� ce area
Aw = ori� ce wetted area
CD = acoustic discharge coef� cient de� ned by Eq. (3)
c0 = speed of sound
Dc = cavity diameter
de = ori� ce inertia length de� ned by Eq. (19)
dN = multiple-ori�ce diameter de� ned by Eq. (34)
do = single-ori�ce diameter
F = sound frequency
H = ori� ce nonlinear inertial length de� ned

by Eq. (20) and Fig. 1
Kac = acoustic viscous loss parameter de� ned

by Eq. (22)
Kss = steady-state viscous loss parameter de� ned

by Eq. (21)
k = sound wave number !=c0

L c = cavity depth
N = number of ori� ces
Pc = peak cavity sound pressure de� ned by Eq. (7)
Ppk =

p
2P0

P0 = peak driving sound pressure acting on control
volume upper surface So

R = real part of resonator impedance
Rfd = steady-state fully developed laminar resistive loss

de� ned by Eq. (16)
RL = linear resistive loss de� ned by Eq. (15)
ro = ori� ce radius
SBL = ori� ce boundary-layerarea, SBL D So ¡ Sinv

de� ned in Fig. 1
Sc = cavity cross-sectionalarea
Sinv = ori� ce inviscid area de� ned in Fig. 1
SN = multiple ori� ce center-to-centerspacing
So = ori� ce area
Sw = ori� ce wetted area
t = time
uBL = acoustic velocity passing through SBL de� ned

in Fig. 1
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u inv = acoustic velocity passing through Sinv de� ned
in Fig. 1

uo = ori� ce peak acoustic velocity
huoirms = rms amplitude averaged over each half-cycle
Vnon = nondimensional acoustic particle velocity de� ned

by Eq. (23)
X = imaginary part of resonator impedance
± = ori� ce instantaneousboundary-layer thickness
µp = phase angle between P0 and uo de� ned by Eq. (5)
·vis = ori� ce viscous loss parameter de� ned by Eq. (10)
¸ = sound wavelength
¹ = � uid viscosity
º = � uid kinematic viscosity
½0 = � uid density
¾ = ori� ce open area ratio, So=Sc

¿ = ori� ce thickness
¿w = acoustic shear stress acting on ori� ce wetted area

de� ned by Eq. (8)
! = sound radian frequency (D 2¼ F)

Subscripts

c = cavity
L = linear
NL = nonlinear
res = resonance

I. Introduction

R AYLEIGH credits Helmholtz as the originator of the � rst the-
oretical analysis describing the acoustic behavior of small

cavity-backedresonators.1 More recently, Junger reviewed the his-
torical use of the Helmholtz resonator.2 Apparently, they were used
by the Greeks to provide reverberation in open-air theaters. They
were also used in Swedish and Danish churches as early as the 13th
century.

During the second half of the 20th century, the aircraft industry
standardized the use of Helmholtz resonators to control excessive
turbofan engine inlet/exhaust noise. This prompted the publication
of a large number of research papers directed at understanding the
basic sound energy dissipation physics of Helmholtz resonator lin-
ers as well as improved impedance prediction models.3¡26 Despite
these efforts, the details of the energy dissipation mechanisms are
not well understood. This is not surprising because the interaction
of the sound � eld incident to a resonator in a � ow duct applica-
tion is a complicated three-dimensional,unsteady � uid mechanical
problem. Further, depending on the resonator faceplate geometry,
sound-pressure� eld, and duct mean � ow� eld, the � ow into and out
of the resonator ori� ce could be laminar or turbulent.
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In a landmark paper Ingard and Labate conducted smoke stream
� ow-visualizationexperimentson single ori� ce resonators to inves-
tigate the importance of acoustic streaming.12 They showed that
four distinct circulation regions existed as a function of sound-
pressurelevel (SPL, or equivalentlyori� ce particlevelocity)consist-
ing of 1) outward-directedstreamingat low SPL, 2) inward-directed
streamingat moderateSPL, 3) pulsatorymotion superimposedupon
the steady circulation at SPLs between moderate and high, and 4)
symmetrical pulsatory in� ow/out� ow at very high SPLs. They also
establisheda connectionbetween resonatornonlinearresistanceand
the translational and rotational kinetic energy of vortex rings shed
from ori� ces.

In another landmark paper Ingard and Ising conducteda detailed
experimental investigationof the nonlinear acoustic behavior of an
isolated ori� ce.13 They measured cavity sound pressures and sound
particle velocities near the ori� ce (using hot wires). Test results
showed that at low SPL the ori� ce resistance and reactance were
in essential agreement with that predicted by Rayleigh’s slug-mass
model. At high cavity SPL, however, their measurements showed
that the ori� ce resistance varied linearly with ori� ce (centerline)
particle velocity and the corresponding ori� ce reactance decreased
to almost one-half its linear value. They interpreted the ori� ce re-
sistance data in terms of Bernoulli’s law suggesting that the � ow
behavior through the ori� ce is quasi-steady. Their hot-wire mea-
surements indicated that at high SPLs the � ow separates at the ori-
� ce, forming a high-velocity jet. Thus during the in� ow half-cycle,
the � ow incident to the ori� ce is irrotationalbut is highly rotational
(in the form of jetting) after exiting from the ori� ce. During the
other half of the cycle, the � ow pattern is reversed. The loss of one-
half of the reactance at these high pressure levels was accounted for
by assuming that one-half of the end correction was “blown” away
by the exiting jet. (In their experiments plate thickness was very
thin; hence, most of the ori� ce inertia reactance is caused by end
correction.) Ingard and Ising also measured the particle velocity as
a function of axial distance from the ori� ce. They found that the
in� ow velocity rapidly decayed to very small values at distances of
about two to three diameters from the ori� ce. This suggested that
the near-� eld effects of an ori� ce extend only to these distances.

YangandCummings14 andCummings15 employeda time-domain
approach to investigate the acoustic behavior of ori� ces exposed
to intense sound-pressure amplitudes. They showed that this tech-
nique naturally accounted for nonlinear interactions between the
frequency components in the signal when a sound wave impacts
a perforated structure. One-dimensional numerical models showed
good agreementbetween predictedand measured results. They also
showed that the loss of acoustic power at the ori� ce was consis-
tent with the kinetic energy loss of two trains of ring vortices shed
alternately from both sides of the ori� ce.

Jing and Sun investigated the nonlinearacoustic losses generated
from a sharp-edgedori� ce exposed to intense sound.16¡18 They pre-
dicted the motion of a train of vortices shed from the ori� ce by
derivinga discretevortex model based upon axisymmetricpotential
� ow. The effects of viscosity were modeled by satisfying the Kutta
conditionat the ori� ce edge.Ori� ce impedancewas predictedbased
on calculating the average � ow through an ori� ce. Results were in
generalagreementwith measurementsconductedby Cummings and
Eversman.19 Jing and Sun note that their impedance predictions do
not depend on empirical vena contracta coef� cients. Although this
is true, the derivation used by the authors is valid only for ori� ces
embedded in an in� nite plate. To apply their model to predict the
impedance of cavity-backed ori� ces, they would have to account
for the effects of the cavity, which suppresses ori� ce velocity at
frequencies well below and above resonance. In a series of related
studies,Hirschbergand coauthorsalso modeled the acoustic behav-
ior of ori� ces.20¡25

Tam and Kurbatskii recently published an important demonstra-
tion of the potentialof computationalaeroacousticsto providemuch
needed insight and understandingof the behavior of Helmholtz res-
onator liners exposed to intense sound.26 By solving the compress-
ible Navier–Stokes equations governing the pumping of sound into
and out of a two-dimensional slit ori� ce exposed to intense sound,
they showed that vortex shedding controlledori� ce resistive losses.

Incorporating the preceding time domain, discrete vortex and
computational impedance models as wall boundary conditions
in existing computationally demanding � ow duct propagation/
attenuationcodes would impose additional computational burdens.
This would further reduce their ef� ciency. This prompted the need
to provide the aircraft engine nacelle designer with a reasonably
accurate, computationally rapid, Helmholtz resonator impedance
predictionmodel. The model is intended to be used as a preliminary
design tool in tradeoff studies of liner performance vs production
cost.

II. Model Derivation
The derivationof the impedancemodel is based on applyingcon-

servation of unsteady mass and vertical momentum across the con-
trol volume sketched in Fig. 1. The quantities o and c denote the
upper and lower surfaces of the control volume, respectively. Dur-
ing the in� ow half-cycle, the acoustic volume � ow entering the
resonator ori� ce through the upper control surface is denoted by
uo So, and the acoustic volume � ow entering the cavity through the
lower control surfaceconsistsof the an inviscidcomponent,denoted
by u inv Sinv, and a boundary-layercomponent, denoted by uBL SBL.

The in� ow model is valid only during the half-cycle when the
incident acoustic velocity is pumped into the resonator cavity; it is
not valid during the other half-cycle when the acoustic velocity is
ejected from the resonatorcavity. The restrictionof the model to the
in� ow half-cycle is not unduly limiting because the particle volume
� ow pumped into and out of the resonator volume must be constant
over a dynamicallysteady-statesound period. Thus an approximate
solution over the in� ow half-cycle should result in an approximate
solution over the entire cycle. The derivation of the model assumes
that all resonatordimensions are small compared to the wavelength
of the incidentsound � eld to distinguishHelmholtz resonatorsfrom
quarter-wave tube resonators.

A. Conservation of Mass
Assuming H À ¸, Tempkin has shown that to lowest order com-

pressibilityeffectsare small with respect to mass-� ow convection.27

With this simpli� cation theconservationofmass � ux within thecon-
trol volume can be written, where uo, uinv, and uBL are understood
to be functions of time, as

uoSo D u inv Sinv C uBL SBL (1)

Equation (1) shows that to � rst order the pumping of volume � ow
into and out of a resonator ori� ce is governed by unsteady, incom-
pressible motion. This makes sense because acoustic changes can
occuronly over scale lengthson the orderof an acousticwavelength.

Fig. 1 Control volume used in model derivation.
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B. Conservation of Vertical Momentum
Referring to Fig. 1, the conservationof momentum in the vertical

direction can be written

½0So H
duo

dt
C ½0

¡
u2

inv Sinv C u2
BL SBL

¢
¡ ½0u

2
o So

D .P0 ¡ Pc/So ¡ ¿w Sw (2)

The various terms in Eq. (2) are described here:
1) The � rst term on the left-hand side (LHS) represents the time

rate of increaseof momentum within the control volume So H . Here
H is an ori� ce inertial length parameter that is unknown and must
be modeled experimentally.

2) The secondterm on the LHS representsthe verticalmomentum
� ux exiting the control volume through its lower control surface.

3) The third term on the LHS represents the vertical momentum
� ux entering the control volume through its upper control surface.

4) The � rst term on the right-hand side (RHS) represents the
net vertical acoustic driving force acting on the control volume.
Here P0 represents the acoustic pressure driving the sound particle
volume � ow into the cavity during the in� ow half-cycle. Because
Ingardand Isingshowedthatori� ce near-� eldeffectsextendto about
two or more ori� ce diameters, P0 as de� ned in Fig. 1 might not
accurately represent the acoustic driving pressure during the in� ow
half-cycle.13 Possibleerrors in P0 will be correctedempiricallyusing
the discharge coef� cient concept de� ned next.

5) The second term on the RHS represents the momentum loss
from frictional wall shear stresses ¿w distributed over the ori� ce-
wetted area Sw D ¼do¿ .

C. Model Simpli� cations
The nonlinearityof Eq. (2) prevents an analytic solution. It must

be solved numerically to achieve a dynamically steady-state solu-
tion, followed by a Fourier transform to calculate the fundamental
harmonic velocity component. Although this procedure is numer-
ically straightforward, it greatly complicates the design of sound-
absorbingliners.Becauseourgoal is to derivea reasonablyaccurate,
but simple, impedance model, the following six simpli� cations are
introduced to derive an analytic solution.

1. Discharge Coef� cient
The � rst refers to the nonlinearmomentum � ux losses exiting the

control volume through its lower control surface. Equation (2) con-
tains the four unknown parameters u inv, Sinv , uBL, and SBL, which
are dif� cult to measure. The solution to Eq. (2) will be simpli-
� ed by adapting the discharge coef� cient concept used to predict
one-dimensional steady-state volume � ow in ducts.28 The instan-
taneous inviscid volume � ow uinv Sinv and boundary-layer volume
� ow uBL SBL are combined into a single volume � ow, denoted as
uCD SCD. With this understandingEq. (1) is written

uo So D uCD SCD D uCDCD So; CD ´ SCD=So (3)

where uCD represents the instantaneousvelocity entering the cavity
through an area SCD. Using experimental data to determine CD is
equivalent to determining the average volume � ow rate entering/
exiting the resonatorcavity during each half-cycle.This assumption
results in the following simpli� cation to the conservationof vertical
momentum equation:

½0 So H
duo

dt
C ½0

³
1 ¡ CD

CD

´
u2

o So D .P0 ¡ Pc/So ¡ ¿w Sw (4)

2. Nonlinearity
The second and third simpli� cations address the nonlinearity of

Eq. (4) and are based on the hot-wire experiments of Ingard and
Ising.13 They showed, at high SPLs, the formation of alternating
nonlinear jetting into and out of an ori� ce during each half-cycle.
They also showed that the amplitudesof the higher harmonic veloc-
ity components, near resonance, were small relative to the funda-
mental.Physically,thispermits thederivationof a model that ignores
higher harmonic energy and allows for harmonic oscillationof non-
linear jetting into and out of the ori� ce. With this understandingthe

nonlinear term u2
o in Eq. (4) is simpli� ed to

u2
o

»D huoirmsuo.t/ D huoirms[uo exp.i!t C µp/]

¼ u2
o exp.i!t C µp/ (5)

where huoirms represents a time-averaged value that is proportional
to the peak amplitude of the sound particle velocity over each half-
cycle. Variations of the proportionality constant as a function of
resonator geometry and the incident sound � eld will be determined
empiricallyby absorbingit into the dischargecoef� cient. The phase
shift µ p between uo and P0 is also unknown. For frequencies at or
very near resonance,µp ¼ 0. IncorporatingEq. (5) into Eq. (4) yields

i½0So.!H /uoC½0[.1 ¡ CD/=CD]u2
o So D .P0¡Pc/So¡¿w Sw (6)

where the inertiaterm½0So H duo=dt in Eq. (4)was replacedwith the
expression i½0So.!H /uo . The simpli� cation achieved by ignoring
higher harmonic energy permits the solution of Eq. (6) in the fre-
quencydomain rather than the time domainofEq. (4). It is intuitively
clear that at low values of SPL and/or very thick faceplates relative
to ori� ce diameter (¿=do À 1) resonator nonlinear resistive losses
become negligiblysmall. Under these conditionsthe nonlinear term
(1 ¡ CD/=CD should also become negligibly small. It should also
be small at frequencies well below and above resonance where re-
actance dominates resistance. Test data, presented later, show that
indeed CD ! 1 under these conditions.

3. Cavity Pressure
The fourth simpli� cation assumes that the cavity pressure can be

accurately modeled by solving the one-dimensionalwave equation
in the cavity resulting in the following expression:

Pc D ¡i½0c0¾ cot.K L c/uo (7)

4. Viscous Scrubbing Losses
The � fth simpli� cation addresses the wall shear stress ¿w and

assumes that it is generated by steady-state and unsteady viscous
scrubbing losses. A simple model, based upon dimensional analy-
sis, is proposed. Steady-state shear stresses are assumed to be pro-
portional to ¹uo=do . Acoustic shear stresses are derived assuming
“Stokes-like” axially uniform diffusion of vorticity over the ori� ce
thickness so that it is proportional to ¹uo

p
.!=º/. With these as-

sumptions the wall shear stress ¿w is written as

¿w D Kss¹.uo=do/ C K ac¹uo

p
!=º (8)

where Kss and Kac are unknown parameters that are functions of
ori� ce geometry and boundary-layer � ow. Substituting Eqs. (5–8)
into Eq. (4) yields

½0[.1 ¡ CD/=CD]u2
o So C f·vis Sw

C i½0 So!H [1 ¡ .c0¾ =!H / cot.kL c/]guo D P0So (9)

where the term ·vis was introduced to simplify notation:

·vis ´ .¹=do/

±
Kss C Kac

q
!d2

o

¯
º

²
(10)

5. Resistance/Reactance Decoupling
The sixth and � nal simpli� cation is introduced to achieve a sim-

ple, practical solution to Eq. (9). This simpli� cation is motivated
by the impedance measurements shown in Fig. 2 for a resonator
constructed with ¿=do D 1. The measurements show that near res-
onance resistance increases dramatically and reactance decreases
moderately with SPL in agreement with the � ndings of Ingard and
Ising.13 At frequencies well below or above resonance, jX j2 À R2,
which suppresses ori� ce jetting, thus nonlinear resistive losses are
negligible.These measurements suggest that at or near resonance a
resistance model can be derived that is decoupled from the effects
of reactance. Because of the modest effect of SPL on reactance,
well-known lumped element reactance equations are used to model
reactance, modi� ed to account for the effects of SPL. In Sec. III,
empirical corrections will be used to generalize the resistance and
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Fig. 2 Measured resonator impedance: ¿ = 0.635 cm, do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

reactancemodels over a wide range of frequenciesbelow and above
resonance.

Tuned resistance. Near resonance Eq. (9) simpli� es to

½0So[.1 ¡ CD/=CD]u2
o C ·vis Swuo ¡ P0So

»D 0 (11)

The solution to Eq. (11) is

uo D

s
P0.1 ¡ CD/

½0CD
C

µ
.1 ¡ CD/

CD

·visSw

2½0 So

¶2

¡ .1 ¡ CD/

CD

·vis Sw

2½0So

(12)

With uo known, it is now possible to solve for resonator tuned re-
sistance (Rres=½0c0), de� ned as

Rres=½0c0 ´ P0=½0c0¾uo (13)

Substituting Eq. (12) for uo results in the following expression for
resonator tuned resistance:

Rres

½0c0
D

s³
1 ¡ CD

CD

´³
P0

½0c2
0¾ 2

´
C

³
·vis Sw

2½0c0¾ So

´2

C ·visSw

2½0c0¾ So

(14)

Linear resistance. At SPLs suf� ciently low that nonlinear jet-
ting losses are negligible, the resistive losses can be written as

RL =½0c0 D .1=¾/.º=c0do/.¿=do/

h
Kss C

q¡
!d2

o

¯
º
¢
Kac

i
(15)

In deriving Eq. (15), the parameter ·vis was replaced by Eq. (10).
Because at low SPL the resistance is independent of SPL and de-
coupled from reactance at all frequencies,Eq. (15) is not restricted
to frequencies near resonance. In deriving Eq. (15), a factor four
from the faceplate-wettedarea Sw was absorbed into the parameters
Kss and Kac.

It is of interest to compare the zero-frequencylosses predictedby
Eq. (15) to the steady-state losses predicted from fully developed
laminar pipe � ow29;30:

Rfd=½0c0 D .32=¾/.º=c0do/.¿=do/ (16)

Comparing these expressions yields Kss D 32. Thus, it is reason-
able to assume that Kss ! 32 for resonators constructed such that

¿=do À 1. Combining Eqs. (14) and (15), the � nal expression for
the resonator-tunedresistance is written as

Rres=½0c0 D
q

[.1 ¡ CD/=CD]
¡
P0

¯
½0c2

0¾ 2
¢

C .RL=2½0c0/2

C RL =2½0c0 (17)

Observe that at low SPL, Rres ¼ RL .
Reactance. The derivation starts from the following well-

known lumped element (low SPL) expression for the reactance of a
Helmholtz resonator:

X=½0c0 D !de=¾c0 ¡ cot.kL c/ (18)

Ingard4 derivedthe followingapproximateexpressionfor the ori� ce
inertial length parameter de :

de D ¿ C 0:85do

1 C 1:25
p

¾
(19)

Motivated by the data shown in Fig. 2 and the suggestionby Ingard
and Ising thatnonlinearori� ce jetting reducesori� ce end correction,
a simple reactancemodel is proposedby replacing de in Eq. (18) by
an unknown inertial length parameter H :

X=½0c0 D !H=¾c0 ¡ cot.kL c/ (20)

Here H is a function of SPL, frequency, and ori� ce geometry. Em-
pirical solutions for H are presented in Sec. III.

III. Experimental Program
Resonator impedance is derived in terms of the four unknown

parameters: Kss, Kac, CD , and H . Low and high single-or�ce SPL
impedance tests were conducted to provide a database in order to
generate empirical curve � ts of these parameters. Table 1 summa-
rizes the resonator plate thicknesses and ori� ce diameters tested.
The values of ¿ and do, displayed in Table 1, result in a large range
of values of ¿=do.

Impedance measurements were conducted in a 5.08-cm-diam
impedancetubeconstructedof 1.27-cm-thicknessLucite.The stand-
ing wave-pressure distributions within the tube were measured at
severalaxial stationsusing0.635-cmcondensermicrophones.These
microphoneswere insertedintomachinedopeningsin the tubewalls,
which were � lled with aluminumplugswhen not in use. The facility
was designed for impedance testing over a frequency range of ap-
proximately20–3000 Hz. The tube was driven by a Community M4
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compression driver capable of producing SPL in excess of 145 dB
over most of the frequency range. Following the procedure recom-
mended by Jones and Steide, data reduction was achieved using
HP-VEE software using the two-microphone standing wave tube
method.31 At each test condition the axial positions of two micro-
phones were swapped to average out response variations.

The test program consisted of measuring the impedance of the
single-ori�ce resonator con� gurations described in Table 1 as a
function of SPL and frequency. Very low-frequency resistive mea-
surements were obtained by constructing the resonator backcavity
walls with O-rings to achieve backcavity depths up to 177.8 cm.
This is necessary to measure Kss accurately.

A. Linear Parameters Kss and Kac

The linear resistancesof resonators 1–6 of Table 1 are displayed
in Fig. 3 as a function of frequency and ori� ce faceplate thickness.
These measurements, recorded at SPL D 75 dB, were used in con-
junction with Eq. (15) to determine the parameters Kss and Kac.
Figure 4 displays the measured values of the viscousparameter Kss.

The following curve � t of Kss was derived:

Kss D 13 C 10:23.¿=do/¡1:44 (21)

The steady-state fully developedpipe-� ow resistive loss coef� cient
of 32 is also plotted in Fig. 4. The measurements show that res-

Table 1 Geometry of single-ori� ce test resonators

Resonator SPL ¿ , do , Dcav ,
ID regime cm cm ¿=do cm ¾

1 Linear 0.159 0.318 0.5 5.08 0.0039
(75 dB)

2 0.318 ” 1 ” ”
3 0.635 ” 2 ” ”
4 1.270 ” 4 ” ”
5 2.540 ” 8 ” ”
6 5.080 ” 16 ” ”
7 Nonlinear 0.159 0.635 0.25 5.08 0.0156
8 (120–140 dB) 0.635 ” 1 ” ”
9 1.270 ” 2 ” ”
10 2.540 ” 4 ” ”
11 5.080 ” 8 ” ”
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Fig. 3 Effect of faceplate thickness on linear resistance: do = 0.318 cm and SPL= 75 dB.

onators constructed with very small values of ¿=do have viscous
scrubbing resistive losses that are much larger than fully developed
pipe-� ow resistive losses. These results are consistent with ori� ce
entry and exit boundary-layer thicknesses that are less than the ori-
� ce radius. Conversely, resonators constructed with large ratios of
¿=do have resistive losses substantially less than fully developed
pipe � ow. This was not expected. The derivation of the fully devel-
oped pipe-� ow resistancemodel assumes that entry � ow effects are
negligible. For steady-state laminar � ow pipe entry lengths as long
as 150–300 pipe diameters have been measured.29;30 These very
long entry lengths suggest that three-dimensionaleffects ignored in
the derivationof fully developed laminar resistancemodel can play
an important role in explaining the data. For example, Fig. 5 is a
sketch of an instantaneous laminar separation bubble formed near
the ori� ce entry during in� ow, which could explain the asymptotic
behavior of Kss < 32. Here, the ori� ce wetted area shear stresses in
the laminar separationbubble would be opposite to the wall stresses
on the remainingori� ce wetted area, thereby reducing the net stress
and hence Kss.

The correspondingvalues of Kac are shown in Fig. 6. The follow-
ing curve � t of Kac was derived:

Kac D 3 C 2:32.¿=do/¡1 (22)

Figure 3, plotted in log–log scale, shows how well the curve � ts
of Kss and Kac de� ned by Eqs. (21) and (22) match the data over
a wide frequency range for all of the resonator con� gurations. At-
tempts to match the thick faceplate data by forcing Kss D 32 were
unsuccessful.

B. Nonlinear Tuned Frequency FNL

Althoughit is dif� cult to see, the reactancedatadisplayedin Fig. 2
show the resonatortunedfrequencyto decreasewith increasingSPL.
The nonlinear tuned frequency FNL is plotted in Fig. 7 as a function
of faceplate thickness and SPL for resonators 7–11 of Table 1. The
increase in frequency with SPL is consistent with the � ndings of
otherresearchers.The nonlineartuned frequencyFNL was correlated
in terms of the ratio of two acoustic velocities. One is !L de, which
is based on resonator geometry. The other is [Ppk =½0]1=2, which
characterizes the effect of SPL on ori� ce nonlinear jetting. The
peak acoustic pressure is used instead of a rms value based on SPL
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Fig. 7 Effect of faceplate thickness and sound-pressure amplitude on nonlinear tuned frequency FNL: do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

Fig. 8 Effect of faceplate thickness and sound-pressure amplitude on inertial parameter Hres : do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

to be consistent with the peak values of Eq. (5). The ratio of these
velocitiesde� nes the followingnondimensionalvelocityparameter:

Vnon D
q

Ppk

¯
½0.!L de/2 (23)

It will be shown in Sec. IV that Vnon successfully predicts the
impedance of a reasonably large number of resonator geometries
reported in the open literature.

The data shown in Fig. 7 suggest that the effectsof plate thickness
are large when ¿=do · 0:25 and small when ¿=do > 0:25. The data
further show that the effect of faceplate thichness becomes negligi-
ble when ¿=do ¸ 1. The following curve � t of FNL was derived:

FNL=FL ¼ 1 C aF

£
1 ¡ exp

¡
¡bF V 2

non

¢¤

aF D 0:785 ¡ 0:76f1 ¡ exp[¡3:63.¿=do/]g

bF D 3:63.¿=do/0:6 (24)

C. Inertial Length Parameter H
The following procedure was used to model H . First, set X D 0

(resonance) in Eq. (20) and solve for Hres . With Hres determined,
Eq. (20) is then solved for H=Hres as a function of frequency and
SPL. At resonance the following expression for Hres was derived:

Hres D ¾ c0

!NL.res/
cot

µ
!NL.res/Lcav

c0

¶
(25)

where!NL (res)´ 2¼ FNL(res) denotesthe resonatornonlineartuned
(radian) frequency.Equation (25) was used to derive empirical val-
ues of Hres=de from impedance data. It is plotted in Fig. 8 in terms
of the parameter Vnon as a function of faceplate thickness and SPL
for resonators 7–11 of Table 1.

The data show that at low SPL Hres=de ! 1 and is insensitive
to faceplate thickness. Conversely at high SPL Hres=de decreases
with SPL and is sensitive to faceplate thickness. At high SPL and
high ¿=do , Hres=de approachesvalues between 0.5 and 0.6, which is
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Fig. 9 Curve � t of inertial parameter H for thin face-sheet resonator: ¿ = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

consistent with the measurements of Ingard and Ising:The follow-
ing correlation of Hres=de in terms of SPL, sound frequency, and
resonator geometry was derived:

Hres

de
¼

1 C aH V m H
non

1 C bH V m H
non

; aH D 0:725

³
¿

do

´¡1:227

bH D 1:02

³
¿

do

´¡1:411

; m H D 3:42e¡0:117.¿=do / (26)

The effect of frequencyon H=de is plotted in Fig. 9 for resonator
con� guration 7 of Table 1. The data suggest that H=de ! 1 for
frequencies well below and above resonance.

Curve � ts similar to Fig. 9 were obtained for resonator con� g-
urations 8–11. The following rather complicated curve � t of H=de

was derived:

H=de D 1 ¡ .1 ¡ Hres=de/ exp
h
¡m H

¡
f
¯

fNL ¡ 1 ¡ f ¤
o

¢4
i

(27)

where

m H D ®H

V ¯H
non

C ·H ; ®H D 0:011 C 2:086

³
¿

do

´

¯H D 0:0325

.¿=do/3:7
C 3:4

·H D 13:06

(

1 ¡ exp

"
¡64:9

³
¿

do

´4:365
#)

f ¤
o D

.1:34=Vnon/.¿=do/

1 C 18:81.¿=do/
C 0:264

»
1 ¡ exp

µ
¡4:49

³
¿

do

´¶¼

¡ 0:436 (28)

D. Acoustic Discharge Coef� cient Parameter CD

The effects of SPL, frequency, and resonator geometry on CD

were determined from experimental data using Eq. (17). The effect
of faceplate thickness and SPL on CDres at resonance, displayed in
Fig. 10, was calculated in terms of the nondimensional parameter
Vnon D [Ppk=½.!L de/

2]1=2 .
Observe that CDres ! 1 as SPL ! 0. At high SPLs, CDres ! 0:64

and is almost independent of ori� ce geometry. This value is quite
close to the steady-state values of approximately 0.6 measured in
thin, sharp-edges ori� ces.28

It is of interest to determine at high SPL the ori� ce-based
Reynolds number based on ori� ce particle velocity and ori-
� ce diameter (Re ´ uodo=º). Selecting SPL D 140 dB (P0 D 2000
dynes/cm2) and assuming that viscous resistive losses are negligi-
ble, the ori� ce velocity uo can be estimated from Eqs. (13) and (14)
as

uo D
PD

½c¾ Rres

»D
PD

½c¾

q
[.1 ¡ CD/=CD]

¡
PD

¯
½c2¾ 2

¢

D

s³
CD

1 ¡ CD

´
PD

½
(29)

From Fig. 10 it is reasonable to assume CD
»D 0:64. This yields

Re »D 7:3 £ 103 , which is suf� ciently large to support the assumption
that viscous effects are negligible.

The following curve � t to CDres was derived:

CDres D 1 C aCDresV 2
non

1 C bCDresV 2
non

aCDres D 1 C 110:5 exp[0:647.¿=do/]

1 C 0:109exp[0:647.¿=do/]

bCDres D 1 C 168:5 exp[0:647.¿=do/]

1 C 0:109exp[0:647.¿=do/]
(30)

The effect of frequency on the ratio CD=CDres is plotted in Fig. 11
for the thin face-sheet resonator,¿=do D 0:0625. Curve � ts similar to
Fig. 11 were obtained for resonator con� gurations 8–11 of Table 1.

The rather complicated curve � t of the discharge coef� cient fre-
quency data was derived:

CD D
CDres C aCD f 2

non

1 C bCD f 2
non C aCD f 2

non

; fnon ´
fNL

f
¡ 1 (31)

where
acd D a1CD C a2CD exp.¡a3CDVnon/

a1CD D 18:81
¿

do
¡ 57:11

r
¿

do

µ
1 ¡ exp

³
¡0:18

¿

do

´¶

a2CD D exp

»
33:5.¿=do/ ¡ 78.¿=do/2 C 131.¿=do/3 C 917.¿=do/4

1 C 148.¿=do/4

¼

a3CD D 43:2
¿

do
¡ 147:1

r
¿

do

µ
1 ¡ exp

³
¡0:19

¿

do

´¶
(32)
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Fig. 10 Effect of faceplate thickness and sound-pressure amplitude on parameter CDres: do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

Fig. 11 Curve � t of effect of frequency on discharge coef� cient parameter for thin face-sheet resonator: ¿ = 0.159 cm, do = 0.635 cm, Lc =
2.54 cm, and Dc = 5.08 cm.

bcd D
b1CD C b2CDVnon

1 C b3CDVnon
; b1CD D

¡3:44 ¡ 0:182.¿=do/

1 C 0:342.¿=do/

b2CD D 18:23 C 1:33.¿=do/

1 C 0:151.¿=do/
; b3CD D 38

1 C 1:3 ¤ 10¡7.¿=do/2

(33)

Inserting the preceding empirical curve � ts to the parameters Kss,
Kac, FNL , H , and CD into the following equation results in the � nal
generalizedexpressionfor resonatorresistanceas a functionof SPL,
resonator geometry, and frequency:

R=½0c0 D
q

[.1 ¡ CD/=CD]
¡
PD

¯
½0c2

0¾ 2
o

¢
C .RL =2½0c0/2

C RL =2½0c0 (34)

Finally, resonator reactance is de� ned by Eq. (20).

IV. Model Validation
Model validation is divided into two parts. The � rst compares

predicted and measured impedance of resonators 7–10 of Table 1
and also compares predicted impedance to unpublished multiple
ori� ce resonator impedance data. Because the curve-� t expressions
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derived for the parameters Kss, Kac, FNL, H , and CD were based on
the impedance measurements of these resonators, it is reasonable
to expect good agreement between model predicted and measured
impedance. This will be shown to be true in the following section.
The second part compares predicted impedance to measurements
published in the open literature.

A. Part 1: Predicted and Measured Impedance of Table 1 Resonators
Figures 12a–12c compare predicted vs measured impedance for

resonators 7, 9, and 11 corresponding to the smallest, midsize, and
largest face-sheet thicknesses of 0.159, 0.635, and 5.08 cm, re-
spectively.The comparison shows that the simple one-dimensional
model fairly accuratelypredictedresonatorresistanceand reactance
over the entire measured frequency and SPL range. The remaining

Fig. 12a Predicted and measured impedance of thin face-sheet resonator: ¿ = 0.159 cm, do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

Fig. 12b Predicted and measured impedance of thin face-sheet resonator: ¿ = 0.635 cm, do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

plate thicknessesof 0.318, 1.27, and 2.54 cm (not shown) were also
fairly accurately predicted.

The measuredvaluesof Kss and Kac, de� nedbyEqs. (21)and (22),
were used to predict the viscousresistivelossesof threemultipleori-
� ce resonatorsconstructedwith 1, 4, and 64 ori� ces at SPL D 80 dB.
The ori� ces were constructedso that both ori� ce percent open area
and ori� ce-to-ori� ce spacing were held constant at ¾ D 0:0352 and
SN =dN D 2, respectively.With ¾ constant the following relationship
holds between ori� ce diameter and ori� ce number:

dN D do

¯p
N (35)

The correlation shown in Fig. 13 was used to predict the effect
of ori� ce number on ori� ce end correction and hence resonator
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Fig. 12c Predicted and measured impedance of thick face-sheet resonator: ¿ = 5.08 cm, do = 0.635 cm, Lc = 2.54 cm, and Dc = 5.08 cm.

Fig. 13 Curve � t of effect of multiple ori� ces on resonator tuned frequency.

reactance. By normalizing the thin and thick ori� ce thickness data
as shown in Fig. 13, the following curve � t that is independent or
almost independent of ori� ce plate thickkness was derived:

FL .N /

FL .1/
’ 1 C

0:0263.N ¡ 1/

1 C 0:2554.N ¡ 1/
(36)

The low SPL resistance of resonators constructed with multiple
ori� ces was calculated from Eqs. (15), (21), (22), and (35), and the
corresponding reactance was calculated from Eqs. (20), (35), and
(36). Figures 14 and 15 show that the model predicted impedance

for the thin and thick face-sheet resonator con� gurations shown in
Tables 2 and 3 compare favorably with measurements. Because the
model does not account for the effects of ori� ce spacing, this good
agreementsuggests that resonatorimpedanceis insensitiveto ori� ce
spacing when SN =dN ¸ 2.

B. Part 2: Predicted and Measured Impedance
Published in Open Literature

The resonator model was used to predict the resistive losses
of resonators published in the open literature by Thurston and
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Table 2 Geometry of thin faceplate resonators:
Lc = 10.16 cm, ¾ = 0.041, ¿ = 0.102 cm

N dN , cm SN , cm SN =dN

1 1.029 0 NA
4 0.514 1.043 2.03
16 0.257 0.488 1.9
100 0.103 0.196 1.9

Fig. 14 Predicted and measured impedance of multiple-ori� ce resonators: SPL= 80 dB, ¿ = 1.27 cm, Dc = 5.08 cm, Lc = 2.16 cm, ¾ = 0.0352, and
SN/do = 2.

Fig. 15 Predicted and measured impedance of multiple-ori� ce resonators: SPL = 80 dB, ¿ = 0.102 cm, Dc = 0.991 cm, Lc = 10.16 cm, and SN/dN = 2.

Table 3 Geometry of thick faceplate resonators:
Lc = 2.159 cm, ¾ = 0.035, ¿ = 1.27 cm

N dN , cm SN , cm SN =dN

1 0.9500 1.9000 NA
4 0.4750 0.9500 2.00
9 0.3170 0.6340 2.00
16 0.2380 0.4760 2.00
64 0.1190 0.2380 2.00
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Martin,32 Bies and Wilson,33 Melling,6 and Ingard and Ising.13

The measured values of Kss and Kac were used to predict the
viscous resistive losses of four resonators measured in water by
Thurston. The predicted and measured resistance of the four res-
onators is shown in Fig. 16. The agreement is remarkable because
the empirical curve � ts of the parameters Kss and Kac were ex-
tended well outside their measured range. The good comparison
between water and air validates the assumptions used to derive the
continuity and momentum equations: the acoustic impedance of
Helmholtz resonators is governedby unsteady, incompressible� uid
behavior.

Bies and Wilson33 measured the resistance of a resonator con-
structedwith a singleori� ce of diameter do D 3:5 in., plate thickness
¿ D 2:87 cm, and cavity diameter Dc D 44:45 cm. Although Fig. 17
indicates that the model underpredicts the measured resistance, it
does, nonetheless, show good qualitative agreement between pre-
dicted and measured resistance at both low and high SPL. This
is important because Bies and Wilson measured very hot cavity
temperatures at high SPL, reaching a maximum of 133±C at
SPL D 170 dB. Incorporating the temperature increase in the � uid
viscosity,density,andspeedof soundresultedin the goodqualitative
agreement shown.

The measurements of Melling were used to further validate the
model. Melling measured the impedance of a series of resonators
constructed with multiple ori� ces backed by a cavity. Figure 18

Fig. 16 Measured and predicted linear resistance of Thurston and
Martin32 of small ori� ces immersed in water: ¿ = 0.014 cm and
Lc = 1.0 cm.

Fig. 17 Predicted and measured ori� ce resistance of Bies and Wilson33

data: do = 3.5-cm, ¿ = 2.87 cm, and Dc = 44.45 cm.

Fig.18 Predicted andmeasured resistance measurementsby Melling6:
do = 0.127 cm, ¿ = 0.056 cm, ¾ = 0.075, Lc = 2.54 cm, and S/do = 3.46.

Fig. 19 Model and Ingard and Ising13 measured resistance: do = 07 cm,
¿ = 0.01 cm, Dc = 9.5 cm, and Lc = 7.5 cm.

shows that the model predicted the linear and nonlinear resistance
of a resonator constructed with an ori� ce diameter do D 0:05 in.,
plate thickness ¿ D 0:056 cm, percent open area ¾ D 0:075, cavity
depth L c D 2:54 cm, and ori� ce spacing S=do D 3:46. As shown,
the model again predicted quite accurately the resonator linear and
non-linear resistance.

Figure 19 compares model-predictedresistance (near resonance)
with the hot-wire resistance measurements conducted by Ingard
and Ising13 on a resonator constructed with an ori� ce diameter of
0.7 cm, faceplate thickness of 0.1 cm, cavity depth of 7 cm, and
cavitydiameterof 9.5 cm. As shown, the model accuratelypredicted
resonator resistance as well as a theoretical estimate of resonator
resistance, valid at high SPLs, derived by Innes and Crighton.34

V. Conclusions
Impedance measurements of resonators were correlated in terms

of the nondimensional velocity [Ppk=½0.!L de/
2]1=2 . The acoustic

velocities !L de and [Ppk=½0]1=2 characterize the effects of resonator
geometryand SPL on resonatorimpedance,respectively.The model
successful prediction of the measured impedance of a relatively
large number of resonators constructed with single and multiple
ori� ceswarrantsits use in preliminarydesignapplications.This suc-
cessful agreement was achieved providing multiple-ori�ce spacing
SN =dN ¸ 2.

Test data have shown that at very low frequencies resonators
constructed with thin faceplates relative to ori� ce diameter have
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viscous resistive losses that are larger than predicted from ori-
� ce fully developed laminar boundary-layer theory. These results
are consistent with ori� ce entry boundary-layer thicknesses that
are smaller than ori� ce diameter. Test data also show that res-
onators constructed with thick faceplates relative to ori� ce diam-
eter have resistive losses less than those predicted from fully de-
veloped laminar boundary-layer theory. This was not expected and
is not understood, although it is suggested that inlet laminar sep-
aration bubbles may play an important role in explaining the test
data. It is recognizedthat resonatorviscous resistive losses are dif� -
cult to measure accuratelybecause they require the extrapolationof
impedance tube data to zero or very low frequencies.Consideration
should be given, therefore, to the use of hot wires to measure ori� ce
acousticvelocityand inlet/outlet boundary-layerthicknesses.These
data would provide a direct measurement of resonator impedance.
Further, the data could also be used to calibrate numerical
codes.
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